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Abstract 

In this paper we will give a unified proof of several results on the sovability 
of systems of certain equations over finite fields, which were recently obtained by 
Fourier analytic methods. Roughly speaking, we show that almost all systems of 
norm, bilinear or quadratic equations over finite fields are solvable in any large 
subset of vector spaces over finite fields. 

1 Introduction 

The main purpose of this paper is to give a unified proof of several results on the solvability 
of systems of certain equations over finite fields, which were recently obtained by Fourier 
analytic methods. We will see that after appropriate graph theoretic results are developed, 
many old and new results immediately follows. In this section, we discuss the motivation 
and background results for our work. 

Let Fq denote a finite field with q elements, where q, a power of an odd prime, is 
viewed as an asymptotic parameter. For S <Z {d > 2), the finite analogue of the 
classical Erdos distance problem is to determine the smallest possible cardinality of the 
set 

A(^) = {\\x- y\\ = {xi - yif + ... + {xd- Vdf ■.x,yE£}c F,. 

The first non-trivial result on the Erdos distance problem in vector spaces over finite 
fields is due to Bourgain, Katz, and Tao ([9J), who showed that if g is a prime, q = 3 
(mod 4), then for every e > and S G Fg with \S\ < Ceq^, there exists 5 > such that 

|A(^)| > Csq-^^^ for some constants C^^Cs- The relationship between e and 5 in their 
arguments, however, is difficult to determine. In addition, it is quite subtle to go up to 
higher dimensional cases with these arguments. losevich and Rudnev ([IB]) used Fourier 
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analytic methods to show that there are absolute constants Ci,C2 > such that for any 
odd prime power q and any set £^ C of cardinality \S\ > Ciq'^/'^, we have 

1^(^)1 > cmin |g, q^ l^^lj • 

In [29], the author gave another proof of this result using the graph theoretic method 
(see also [35] for a similar proof). The (common) main step of these proofs is to estimate 
the number of occurrences of a fixed distance. It was shown that for a fixed distance, 
given that the point set is large, the number of occurrences of any fixed distance is close 
to the expected number. This implies that there are many distinct distances occur in a 
large point set. In the case of real number field, most of the known results, however, are 
actually proved in a stronger form. In order to show that there are at least g{n) distinct 
distances determined by an n-point set in the plane, one usually proves that for any n- 
point set P, there exists a point p E P that determines at least g{n) distinct distances to 
P. Chapman et al. ([lOj) obtained an analogous result in the finite field setting. They 
also proved a similar result for the pinned dot product sets Ily{S) = {x ■ y : x E £}. In 
this paper, we will derive these results using spectral graph methods. 

A classical result due to Furstenberg, Katznelson and Weiss ([I2]) states that if £^ C 
of positive upper Lebesgue density, then for any 5 > 0, the 5-neighborhood of £ contains a 
congruent copy of a sufficiently large dilate of every three-point configuration. An example 
of Bourgain ([?]) showed that it is not possible to replace the thickened set £s by £ for 
arbitrary three-point configurations. In the case of fc-simplex, that is the k + 1 points 
spanning a fc-dimensional subspace, Bourgain ([7J), using Fourier analytic techniques, 
showed that a set £ of positive upper Lebesgue density always contains a sufficiently large 
dilate of every non-degenerate /c-point configuration where k < d. In the case k = d, 
the problem still remains open. Using Fourier analytic method, Akos Magyar ([221 [23]) 
considered this problem over the integer lattice Z*^. He showed that a set of positive 
density will contain a congruent copy of every large dilate of a non-degenerate /c-simplex 
where d > 2k + 4. 

Hart and losevich ([17]) made the first investigation in an analog of this question in 
finite field geometries. Let Pk denote a /c-simplex. Given another /c-simplex P^, we say 
Pk ~ P(,, if there exist r G F^, and O G SOd(Fq), the set of d-hj-d orthogonal matrices 
over Fq, such that P^ = 0{Pk) + t. Under this equivalent relation. Hart and losevich 
([17]) observed that one may specify a simplex by the distances determined by its vertices. 
They showed that if £^ C F^ (ci > (^2^)) of cardinality \£\ > Cq^~^^ then £ contains a 
congruent copy of every fc-simplices (with the exception of simplices with zero distances). 
Using graph theoretic method, the author ([34]) showed that the same result holds for 
d > 2k and ^ q~ Here, and throughout, X <Y means that there exists C > 
such that X < CY, and X Y means that X = o{Y). Note that serious difficulties 
arise when the size of simplex is sufficiently large with respect to the ambient dimension. 
Even in the case of triangles, the result in [H^ is only non-trivial for d > 4. Covert, Hart, 
losevich, and Uriarte-Tuero ([H]) addressed the case of triangles in plane over finite fields. 
They showed that if £ has density > p for some Cq~^^'^ < p < 1 with a sufficiently large 
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constant C > 0, then the set of triangles determined by 8^ upto congruence, has density 
> cp. In [22], the author studied the remaining case: triangles in three-dimensional vector 
spaces over finite fields. Using a combination of graph theory method and Fourier analytic 
techniques, the author showed that if £^ C (d > 3) of cardinality \£\ > Cq~ , the set of 
triangles, up to congruence, has density greater than c. Using Fourier analytic techniques. 
Chapman et al ([10]) extended this result to higher dimensional cases. More precisely, 
they showed that if \£\ > g~ {d > k) then the set of fc-simplices, up to congruence, has 
density greater than c. They also obtained a stronger result when £^ is a subset of the 
d-dimensional unit sphere S'^ = {x G : ||a;|| = 1}. In particular, it was proven ( [TOt 
Theorem 2.15]) that if £^ C S''^ of cardinality \£\ > g'^^a then £ contains a congruent 
copy of a positive proportion of all A;-simplices. In this paper, we will obtain similar 
results in a more general setting. Let Q be a non-degenerate quadratic form on W^. The 
Q-distance between two points x,y E Fg is defined by Q{x — y). We consider the system 

C of (2) equations 

Q{xi - Xj) = Xi E £,i = 1, . . . ,k (1.1) 

over Fg, with variables from arbitrary set £ C F^. We show that if ^ then 
the system f 1 1.11) is solvable for all Ajj G F*, and if \£\ ^ then that system [TTT] is 

solvable for at least (1 — o{l))q^'^^ possible choices of Xij G Fg. 

A related question that has recently received attention is the following. Let ^ C Fg, 
how large does A need to be to ensure that F* C A - A + . . . + A ■ A {d times) . Bourgain 
([8]) showed that if ^ C Fg of cardinality |^| > Cq^^^ then A ■ A + A ■ A + A ■ A = Fq. 
Glibichuk and Konyagin ([I5]) proved in the case of prime fields that for d = 8, one 
can take |^| > ^^q. Glibichuk ([H]) then extended this result to arbitrary finite fields. 
Note that this question can be stated in a more general setting. Let £ C F^, how large 
does £ need to ensure that the equation 

X ■ y = X,x,y E £ 

is solvable for any A G F*. Hart and losevich ([17]), using exponential sums, showed that 
one can take \£\ > for any d > 2. In this paper, we will give another proof of this 

result using spectral graph methods. 

In analogy with the study of simplices in vector spaces over finite fields, the author 
([31]) studied the sovability of systems of bilinear equations over finite fields. More pre- 
cisely, for any non-degenerate bilinear form B(-, ■) in F^, we consider the following system 
of I < (2) equations 

B{ai, ttj) = Xij, Gi E £,i = 1, . . . ,k (1.2) 

over F^, with variables from an arbitrary set £ C F^. Using character sum machinery and 
methods from graph theory, the author ([SI]) showed that if each variable in the system 
(11. 2p appears in at most t < k — 1 equations and \£\ ^ q^~^\ then for any Xij E F*, 
the system (11.21) has (1 -|- o(l))g~'|£'|'^ solutions. Again, serious difficulties arise when the 
number of equations that each variable involves is sufficiently large with respect to the 
ambient dimension. In particular, that result is only non-trivial in the range of ci > 2t. In 
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the case of three variables and three equations, the author also proved ( [311 Theorem 1.4]) 
that the system is solvable for {l-o{l))q^ triples (A12, A23, A31) G (F*)^ if \g\ > , 
In this paper, we will extend this result to systems with many variables. More precisely, 
we will show that if £^ C of cardinality \S\ ^ then the system (11. 2p of all (2) 

equations is solvable for (1 — o{l))q^^^ possible choices of Xij G Fg, I < i < j < k. 

We remark here that one can also obtain this result using Fourier analytic methods 
(for example, using (TUl Theorem 2.14] instead of [10, Theorem 2.12] in the proof of [TUl 
Theorem 2.13]). However, techniques involved in difference problems are considerable in 
Fourier analytic proofs. The main advantage of our approach is that we can obtain all the 
aforementioned results at once, after computing the eigenvalues of appropriate graphs. 
We will also demonstrate our method by some related results on norm equations and 
sum-product equations over finite fields. 

2 Statement of results 

2.1 Subgraphs in (n, <i, A)-graphs 

For a graph G, let Ai > A2 > • • • > A^ be the eigenvalues of its adjacency matrix. The 
quantity \{G) = max{A2, —\n} is called the second eigenvalue of G. A graph G = (V, E) 
is called an (n, d, A)-graph if it is (i-regular, has n vertices, and the second eigenvalue of 
G is at most A. It is well known (see [H Chapter 9] for more details) that if A is much 
smaller than the degree d, then G has certain random-like properties. Noga Alon ( PU| 
Theorem 4.10]) proved that every large subset of the set of vertices of (n, A)-graphs 
contains the "correct" number of copies of any fixed sparse graph. 

Theorem 2.1 ('^20^ Theorem 4-10]) Let H be a fixed graph with r edges, s vertices, and 
maximum degree A, and let G = (V, E) be an {n, d, X)-graph where d < O.Qra. Let m < n 
satisfy m ^ \{n/d)^ . Then, for every subset V C V of cardinality m, the number of 
(not necessarily induced) copies of H in V is 

If we are only interested in the existence of one copy of H then one can sometimes 
improve the conditions on d and A in Theorem 12. 1[ The first result of this paper is an 
improvement of the conditions on d and A in Theorem 12.11 for complete bipartite graphs. 
Let G X G he the bipartite graph with two identical vertex parts V{G) and V{G). Two 
vertices u and v in two different parts are connected by an edge if and only if they are 
connected by an edge in G. For any two subsets Ui,U2 C V{G), let G[Ui,U2] be the 
induced bipartite subgraph ofG'xG'onf/ixf/2. 

Theorem 2.2 For any t > s and t >2, let G = {V,E) be an {n,d, X)-graph. For every 
subsets Ui, U2 <Z V with 

\Ui\\U2\>\\n/dy+', 
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the induced subgraph G\Ui^ f/2] contains 
copies of Ks t. 

Note that the bound in Theorem 12.21 is stronger than that in Theorem 12.11 when t > s. 
For small bipartite subgraphs, -^'2,*; we can further improve the bound in Theorem 12. 2[ 

Theorem 2.3 For any t > 1, let G = {V,E) be an {n,d, X)-graph. For every subsets 
Ui,U2CV with 

\Ui\\U2\> \\n/df+^ 
the induced subgraph G\Ui, f/2] contains 
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copies of K2 



In fact, our results could be stated in multi-color versions, which will be more con- 
venient in later applications. Suppose that a graph G is edge-colored by a set of finite 
colors. We call G an (n, d, A)-colored graph if the subgraph of G on each color is an 
(n, d{l + 0(1)), A)-graph. The following results are multi-color analogues of Theorems 12. ![ 
12.21 and 12.31 for (n, d, A)-colored graphs. 

Theorem 2.4 Let H be a fixed edge-colored graph with r edges, s vertices, and maximum 
degree A, and let G = {V,E) be an {n,d, X)- colored graph, where d < 0.9n. Let m < n 
satisfy m ^ \{n/d)^. For every subset V C V of cardinality m, the number of (not 
necessarily induced) copies of H in V is 

(1 + 0(1)) 



Kni{H)\ \n 

Theorem 2.5 For any t > 2, let H be a fixed edge-colored complete bipartite graph Kg^t 
with s < t. Let G = {V,E) be an {n,d, X)- colored graph. For every subset Ui,U2 C V 
with 

\Ui\\U2\> \\n/dy^\ 
the induced subgraph G\Ui, U2] contains 

(1 + 0(1)) 

copies of H. 
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Theorem 2.6 For any t > 1, let H be a fixed edge- colored complete bipartite graph -ft'2,t- 
Let G = (y, E) be an {n, d, X) -colored graph. For every subset Ui,U2 C V with 

\Ui\\U2\>X'{n/dy^\ 

the induced subgraph G[Ui, U2] contains 



(1 + 0(1)) 



\Ui\ 


2 


\U2\ 






Aut{H) ' 



copies of H . 

The proof of Theorem 12.41 is similar to that of Theorem 4.10], the proofs of 
Theorem 12.51 and Theorem 12.61 are similar to the proofs of Theorem 12.21 and Theorem 
12. 3[ respectively. To simplify the notation, we will only present the proofs of single-color 
results. Note that going from single-color formulations (Theorems 12.11 12.21 and 12.31) to 
multi-color formulations (Theorems 12. 4^ 1^31 and is just a matter of inserting different 
letters in a couple of places. 

Although we cannot improve the conditions on d and A in Theorem 12. 41 (or equivalently 
Theorem 12.11) . we will show that if the number of colors is large, under a weaker condi- 
tion, any large induced subgraph of an (n, d, A)-color graphs contains almost all possible 
colorings of small complete subgraphs. 

Theorem 2.7 For any t > 2. Let G = {V, E) be an {n, d, X)-colored graph, and letm < n 
satisfy m ^ X^n/dY^"^. Suppose that the color set C has cardinality \C\ = (1 — o{l))n/d, 
then for every subset U G V with cardinality m, the induced subgraph of G on U contains 
at least (1 — o(l))|C|(2) possible colorings of Kf. 

The results above could also be considered as a contribution to the fast-developing 
comprehensive study of graph theoretical properties of {n, d, A)-graphs, which has recently 
attracted lots of attention both in combinatorics and theoretical computer science. For a 
recent survey about these fascinating graphs and their properties, we refer the interested 
reader to the paper of Krivelevich and Sudakov ([20j). 

2.2 Norms in sum sets, pinned norms, and norm equations 

Let Fq be a finite field with q = p'^ elements. Denoting by F an algebraic closure of Fg, 
and by F^n c F the unique extension of the degree n of F for n > 1. The extension 
Fqn/Fg is a Galois extension, with Galois group canonically isomorphic to Z/Z„, the 
isomorphism being the map Gn defined by 1 1-^ a, where a is the Frobenius 

automorphism of F^n given by cr{X) = X'^. Associated to the extension F„/F, the norm 
map = A'f^^/f^ : F*„ F*„ is defined by 

71—1 n— 1 , 

N{X) = Yl a\X) = Y[X' = X—. 

1=0 i=0 
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The equation N{X) = A, for a fixed A G F^, is important in number theory. Because the 
extension F^n /F^ is separable, the equation N{X) = A is always solvable with X G F^n 
for any A G F*. We are interested in the solvability of this equation when X is in a sum 
set of two large subsets of F^n. More precisely, we have the following result. 

Theorem 2.8 Let A G F* and A,B C Fgn, n > 2. Suppose that \A\\B\ > 5"+^. Then 
the equation N{X + Y) = X is solvable in X E A, Y E B. 

For any A,Bc F^n, define by A^(^ + B) the norm set of the sum set, i.e. 

N{A + B) = {N{X + Y) : X e A,Y e B}. 

Theorem [23] says that if \A\\B\ > ^j^g^ ^* ^ 7v'(^ + B). We will show that under 
a slightly stronger condition, one can always find many elements X E A such that the 
pinned norm set Nx{B), which is defined by 

Nx{B) = {N{X + Y):YeB}, 

contains almost all elements in Fg. 

Theorem 2.9 Let A,B CFn, n> 2. Suppose that \A\ > \B\ and \ A\\B\ > Then 
there exists a subset A' of A with cardinality \ A'\ > \A\ such that for every X G A', the 
equation N{X + Y) = X is solvable inYEB for at least (1 — o(l))g values of X E F*. 

We also obtain the following results on the solvability of systems of norm equations 
over finite fields. 

Theorem 2.10 Let A C F^n, n>2. Consider the systems C of I < (*) norm equations 

N{X, + X,) = A,„ G A 2 = 1, . . . , t. (2.1) 

Suppose that each variable appears in at most k < t — 1 equations, and \A\ ^ 
Then for any Xij G F*, the above system has 

(l + o(l))g-'|^r 

solutions. 

Theorem 2.11 Let A C Fgn,n > 2. Consider the system \2. 1\) with (*) equations. 

Suppose that \A\ ^ then that system is solvable for at least (1 — o{l))q^'^^ choices 

of Xij eFq, I <i < j <t. 
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2.3 Dot product set and system of bilinear equations 

Let ^,J^ C Fj = Fg X . . . X Fg, (i > 2. For any non- degenerate bilinear form ■) on 
F^, define the product set of £ and JF with respect to B by 

B{8,J') = {B{x,y):xe8,yeJ'}. 

Hart and losevich ([17]), using character sum machinery, proved the following result. 

Theorem 2.12 Theorem 2.1]) Let E,T (Z F^. Suppose that \£\\J^\ > g'^+S then 

Fl C B{£,J^). 

Let £ C F^, d> 2. Define the pinned product set by 

By{£) = {B{x,y):xe£}. 

Chapman et al. ([10]) obtained the following result using Fourier analytic methods. 

Theorem 2.13 (flE, Theorem 24]) Let £ C F'^ (d > 2) of cardinality \£\ > g('^+i)/2. 
Then there exists a subset £' C £ with cardinality \£'\ > \£\ such that for every y E £' , 
one has \By{£)\ > q/2. 

Note that [171 Theorem 2.1] and [TOl Theorem 2.4] are stated only for the dot product, 
but their proofs go through for any non-degenerate bilinear form without any essential 
change. As a corollary of our results in Section 12.11 we will give graph theoretic proofs of 
Theorems 12.121 and I2.13[ In fact, we will prove the following result instead of Theorem 

EH 

Theorem 2.14 Let £ C F^ (d > 2) of cardinality \£\ Then there exist a 

subset £' C £ with cardinality \£'\ = (1 — o(l))|£^| such that for every y G £' , one has 
\By{£)\ = {l-o{l))q. 

Note that the proof of [lOl Theorem 2.14] also implies Theorem 12.141 and vice versa. 
We, however, relax the condition on > to \£\ ^ g('^+i)/2 simplify our 

arguments. 

In [31], the author studied the solvability of systems of bilinear equations over finite 
fields. Following the proof of [201 Theorem 4.10], the author proved the following result. 

Theorem 2.15 (ISTp Let £ C F^, d > 2. For any non-degenerate bilinear form B{-, ■) 
on F^. Consider the systems C of I < (*) bilinear equations 

B{ai, ttj) = tti E A,i = I, . . . ,t. (2.2) 

Suppose that \£\ ^ and each variable appears in at most k < t — 1 equations, 

then the system h2. 2) is solvable for any Ajj G F*, 1 < i < j < t. 

As a simple consequence of Theorem 12.71 and the construction of product graph in 
Section [HI we show that under a weaker condition, say |^| 3> g^'^+^'i^/^, the system (12. 2p 
is solvable for almost all possible choices of parameters Ajj G F*. 
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Theorem 2.16 Let £ (Z (d > 2) of cardinality \£\ > gC'^+i-^/^ For any non- 
degenerate bilinear form B(-, ■) on F^, consider the systems C of (*) bilinear equations 

B{ai, ttj) = Xij, tti E A,i = I, . . . ,t. (2.3) 

Then the above system is solvable for (1 — o(l))g(2) possible choices of Xij G F, 1 < i < 
j<t. 

2.4 Sum-product equations 

In [27], Sarkozy proved that if A,B,C,V are "large" subsets of Zp, more precisely, 
1^1 |C| ll^l ^p^, then the sum-product equation 

a + b = cd (2.4) 

can be solved with a E A,b E B,c E C and d eT>. Gyarmati and Sarkozy [16] generalized 
this result on the solvability of equation (12.41) to finite fields. They also studied the 
solvability of other (higher degree) algebraic equations with solutions restricted to "large" 
subsets of ¥q. Using bounds of multiplicative character sums, Shparhnski [26j extended 
the class of sets which satisfy this property. Furthermore, Garaev [13] considered the 
equation (12.41) over special sets A, B, C, V to obtain some results on the sum-product 
problem in finite fields. More precisely, he proved the following theorem. 

Theorem 2.17 (fT^) For any A (^Fg, we have 

\A\' < \^-^\\^\^\-^ + -^\ + yqA~A\\AnATA\, 

which implies that 

|^ + ^11^-^1 >min|g|^| l"^' 



Q 

When one of sum or product sets is small, we have an immediate corollary. 

Corollary 2.18 Suppose that A C Fg and min(|^ + ^|, |^ ■ ^|) < C\A\ for an absolute 
constant C > 0. 

1. If \A\ > q^'^ then max(|^ + A\,\A- A\) > q. 

2. If \A\ < g2/3 ^/^g^ max(|^ + Al\A- A\) > 

In [30], the author reproved Theorem 12.171 using standard tools from spectral graph 
theory. Solymosi gave a similar proof in j2H]. We will use the same idea to study the 
solvability of sum-bilinear equation 

a + c = B{b,d), 

where a, 6 G Fg, b,d E F^, and B{-, ■) is any non-degenerate bilinear form. More precisely, 
we have the following result. 
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Theorem 2.19 Let J" C Fg x and B{-, ■) be any non- degenerate bilinear form on 
Fg. Suppose that \S\\J-'\ > 2^^^+^ then the equation 

a + c + A = B{b, d), (a, b) e £, (c, d) e T 

is solvable for any A G Fg. 

As an easy corollary of Theorem \2.19\ we have the following sum-product estimate, 
which can be viewed as an extension of Theorem I2.17[ 

Theorem 2.20 For any A C Fg, let A - A = {aa' : a,a' e A} and dA = {ai + . . . + : 
ai, . . . , ttrf G A}. We have 



which implies that 



^ \A\'\A-A\'-'\dA\ ^ 



1^ • ^I'^^V^I > min (^q\Af-\ ^^^^^ 



In analogy with the statement of Corollary 12.181 above, we note the following conse- 
quence of Theorem 12.201 

Corollary 2.21 Let A be an arbitrary subset of Fg with cardinality \A\ ^ q^^"^. 

1. Suppose that \A- A\ < C\A\ for an absolute constant C > 0. // 1^| > then 
\dA\ > q, and if \A\ < then \dA\ > \A\'^'^-^ / q'^-\ 

2. Suppose that \ A + A\ < C\A\ for an absolute constant C > and 

q2d+i <^ ^ g2d-i^ 

we have |^ ■ ^| > \A\{q/\A\y/'^. 

Using the machinery developed in this paper, we also can study systems of sum-product 
equations over finite fields. More precisely, we have the following result. 

Theorem 2.22 For any f C Fg X F;| and a non-degenerate bilinear form B{-, ■) on Fg, 

consider the system C of (*) equations 

ai + aj + Xij = B{bi,bj), (2.5) 

with {ai,bi) G £ , 1 < i < t. Suppose that \£\ q^'^^^^, then the number of solutions of 
the system 1^2. 5\) is close to the expected number 

(1 + 0(1))^- 

In addition, if \S\ ^ ^/^gn the system ^2.5\) is solvable for (1 — o{l))q^^^ possible 

choices of Xij G Fg, 1 < < J < t. 
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2.5 Pinned distances and systems of quadratic equations 

Let Q{-) be a non-degenerate quadratic form on F^. Given any t; G and £^ C F^, 
define the pinned distance set by 

A^{S) = {Q{x-y):xeS}. 

Chapman et aL obtained the following result using Fourier analysis method. 

Theorem 2.23 (JJUi) Let £ C F^, d > 2. Suppose that \S\ > ■ There exists a subset 
S' of S with \S'\ > \S\ such that for every y E £, one has 

\AQ{S)\>q/2, 

where Q{x) = xf + . . . + x^. 

As a corollary of our graph theoretic results, we will present another proof of Theorem 
12.231 In fact, we will prove a more general result. 

Theorem 2.24 Let Q be any non- degenerate quadratic form on F^. Let E C F^, d>2. 

Suppose that \£\ ^ There exists a subset £' <Z £ with cardinality \£'\ = (1 — 

o(l))|£^| such that for every y G £' , one has |A^(£^)| = (1 — o(l))g. 

Note that the proof of [10, Theorem 2.3] implies Theorem 12.241 and vice versa. We 
again relax the condition on > to \£\ 3> to simplify the argument in 

the proof. 

Next we will prove the following result on the solvability of system of quadratic equa- 
tions (or equivalently, the existence of the simplices over finite fields). 

Theorem 2.25 For any non-degenerate quadratic form Q on F^ and any set £ C F^, 

we consider the following system of I < Q) equations 

Q{ai - ttj) = Xij, ai e £,i = 1, . . . ,t. 

If \£\ ^ q(d+t-i)/2 f-j^g^ j-f^j^g system is solvable for at least (1 — o{l))q^'^ possible choices 

Of\,j G Fg. 

We obtain a stronger result when £^ is a subset of the ci-dimensional Q-sphere S'^{Q) = 
{a? G F^ : Qix) = 1}. 

Theorem 2.26 For any non- degenerate quadratic form Q and any set £ C S'^{Q), we 
consider the following system of I < (*) equations 

Q{ai - aj) = Xij, ai e £,i = I, . . . ,t. 
If \£\ ^ g('^+*"2)/2 ^^g^ ^j^^g system is solvable for at least (1 — o{l))q^^^ possible choices 

of Xij G Fg. 
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Note that Theorems 12 . 251 and 12.261 could be obtained in a similar way as in the proofs of 
pHI Theorem 2.13] and pUl Theorem 2.16]. The proofs given here, however, are different, 
which are applicable to a large variety of problems. In addition, the results in Section 
12.11 can also be extended for directed {n, d, A)-graphs. All the proofs go through without 
any essential changes by replacing Theorem 13.11 and Corollary 13.21 by their corresponding 
directed versions ([351 Lemma 3.1]). Applying these results, we can study the sovability 
of systems of general equations 

P{ai — aj) = Xij, ai E £,1 <i <t 

in F^, where £^ is a large subset of FJ^ and P E Fq[xi, . . . ,Xd]- One can show that for a 
large family of non-degenerate polynomials P, if ^ g{'^+*-i)/2^ system is solvable 
for at least cg^^) possible choices of Xij G F^. However, in order to keep this paper 
concise, we will restrict our discussion only to results on undirected (n, d, A)-graphs and 
their applications. 



3 Properties of pseudo-random graphs 



In this section, we recall some results on the distribution of edges in (n, d, A)-graphs. For 
two (not necessarily) disjoint subsets of vertices U,W C V, let e{U, W) be the number of 
ordered pairs (m, w) such that u E U, w E W, and {u, w) is an edge of G. For a vertex v 
of G, let N{v) denote the set of vertices of G adjacent to v and let d{v) denote its degree. 
Similarly, for a subset U of the vertex set, let Nu{v) = N{v) fl U and du{v) = \Nu{v)\. 
We first recall the following two well-known facts (see, for example, [Ij). 

Theorem 3.1 Theorem 9.2.4]) Let G = (V, E) be an (n, d, X)-colored graph. For any 
subset U ofV, we have 

Y^iduiv) - d\U\/nf < X^\U\. 

The following result is an easy corollary of Theorem 13. 1[ 

Corollary 3.2 Corollary 9.2.5]) Let G = (y,E) be an {n,d, X)-graph. For any two 
sets B,C G V, we have 



e{B,C) 



d\B\\C\ 



n 



<X./\B\\C\. 



We also need a similar result for number of paths of length two in {n, d, A)-graphs. 

Lemma 3.3 Let G = {V,E) be an {n,d, X)-graph. For any two subsets B,G C V, let 
P2iB, C) be the number of paths of length two with the midpoint in B and two endpoints in 
G (i.e. the number of triples (ci, 6, C2) such that b E B, ci, C2 E G, (6, Ci), (6, C2) E E{G) ). 
We have 



V2{B,G) 



-1 \B\\G'^ 
n 



<2— |5|1/2|c|3/2 + a2|C|. 
n 
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Proof It follows from Theorem 13.11 that 



which implies that 



J2(^c{v)r + (-) \b\\c\'-^Ac\J2nc{v) 

^ — ^ \n J n ^ — ^ 



<x^\c\. 



From Corollary 13.21 we have 



d. 



J2Nc{v)--\B\\C\ 



<X./\B\\Cl 



Putting (13.21) and (13.31) together, we have 



y{Nc{v)f-( -X\B\\C\' <2M|i?|i/2|c|3/2 + A2|C| 

^B v^y n 



completing the proof of the lemma. 



(3.1) 



(3.2) 



(3.3) 



□ 



4 Complete bipartite subgraphs - Proof of Theorem 

Let Ui, U2 be any subsets of = V{G). For any yi, . . . , yt E U2, let 
Sy„...,yXUi) = {xeUi: {x, Vi) e E{G), l<i<t}, 

When Sy^^,,,^yf,{Ui) > 1, we say that the base {yi, . . . , yk) is extendable to /c-stars with 
roots in f/i. In order to make our inductive argument work, we will need the following 
definition. 

Definition 4.1 Let f,g, h be any three functions on the same variables. We say that 

f = o{g, h) 

if f = o{g) when h = o{g), and f = 0{h) otherwise. 

Theorem 12.21 for the star Ki t follows immediately from the following estimate. 
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Lemma 4.2 Let G = (V, E) be an {n, d, X)-graph. For any t > 1 and two subsets Ui, U2 C 
V, we have 

yi,...,yteU2 ^ ^ \^ ^ 

Proof The proof proceeds by induction. The base case t = 1 follows immediately from 
Corollary 13.21 and the fact that 



\^/\U^\ = d (^%^\\U2\,'^^ . (4.1) 



Suppose that the claim holds for t — 1 > 1, we show that it also holds for t. Note that 

yi,--;yt&U2 yi,...,yt-i&U2 

Hence, it follows from Corollary 13.21 and (14. ip that 

E „W)= E ( ''l^-l^»-;^-»-'^') +o(Av'|t/.|S,..,.„._.([/.))) 

j/i,...,j/te{/2 yi,---,yt-i<^U2 ^ ^ ^ ^ 

^ f d\U2\Sy,,.,y,_AUi) , J d\U,\Sy,,.,yUUi) n\''\\ ^42) 

yi,...,yt-ieU2 ^ ^ ^ ^ d J J 

By induction hypothesis, 



E w.w) = (;J)^Ciiif2r+o (^) 



t-i / / ,\ t-i .2 

t-l ITT \t-2 



yi,---,yt-i&U2 



(4.3) 

The lemma follows immediately from ( 14. 2p . ( 14. 3p and the additivity of function 0. □ 

We now give a full proof of Theorem 12.21 Let Ui, U2 be any subsets of = V{G). 
For any yi,...,yte U2, let 

^u-,ySUi) = {xi,...,XseUi: (x„ y,) E E{G), 1 < j < s,l < t < t}, 

Kl,...,ySU) = \}Cl^_ySU)\, 

then it is clear that 

K-l,,...,ySU) = iSy,,...,yAU)r. 

Similarly, when 1^^^ ,^^(t/i) > 1, we say that the base {yi,...,yk) is extendable to 
Ks^t graphs with the s-parts in Ui. Theorem 12.21 follows immediately from the following 
estimate. 
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Lemma 4.3 Let G = {V,E) be an {n,d, X)- graph. For any t > s > 1 and two subsets 
Ui, U2 C V , we have 

yi,...,yt&U2 ^ ^ ^ / 

Proof The proof proceeds by induction on s. We first consider the base case s = 1. 
Lemma 14.21 for the stars imphes that 

E K „w)=(;|)V.i' 

yi,...,yteU2 

By Young's inequahty, 



m+d[{^Xmu,\\^\u,r 

n J q 



q t \n J t \d 

which imphes that 



The base case s = 1 foUows. Suppose that the claim holds for s — 1 > 1, we show that it 
also holds for s. Note that 

yi,...,yteU2 zi,...,ZseUi 

= E E ^........(^1)' (4-4) 

because both sides equal the number of ordered (possibly degenerate) Kg t in G[Ui, U2]. 
It follows from Lemma [4.21 that 

j/i,-,ytG5,,,...,,^_i(l/2) ^ ^ 

+0 



By Holder's inequality, 

nX^ 



< 



zi,...,zs-ieUi 

{t-i)/t / \ i/t 

|-{t-i) 



E (i) \ui\iSz....,z.^AU2)y] E ^*'^"if^ir 

,...,Zs-ieUi ^ ^ y y2i,...,2;a-iG!7i 

( E (^)Vll(5.,...,.-.(t/2))^Q)^^1f/lr-*y 
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Hence, 



2i,...,2;s-iGC/i y2i,...,Zs-ieC/i 

(4.6) 

Besides, by induction hypothesis, 

E (^)Vii(^.....,..-.(t^2))*= (^)Vii E KL...s-.iU2) 

Zl,...,Zs-l£Ul ^ ^ ^ ^ Zl,...,Zs-ieUl 

^) V.I { + a ((^) ic/.l-'ic/,!-, Ci)" A^'lty--'^ 

;|)'Vii'if/2i'+o('(|)"if/ii'if/2r,Q)'""'A^'if/ir-'V (4.7) 

Putting flOl) . fH31) . dM]) and fBT]) together, the lemma follows. □ 



5 Proof of Theorem 2.3 



Theorem 12.31 follows immediately from the following estimate on the number of K2^t sub- 
graphs in (n, d, A)-graphs. 

Lemma 5.1 Let G = {V, E) be an (n, d, X)-graph. For any t > 1 and two subsets Ui, U2 C 
V, we have 

E J^l „(co = (^)'V,nc.i'+«f(^)'V,nc.i'.A^QV2i'-'^ 

yi,...,yteU2 ^ ^ \ ^ ^ 

Proof The proof proceeds by induction. It follows from Lemma [3.31 that 

E <(^i) = (^)Vinf/2i+5(^(^)Vinf/2i,A^if/ii 

By the Cauchy-Schwarz inequality, 

A^it/ii = 5(^(0Vint/2i,Q'A^if/2r^j. (5.1) 

Hence, the base case t = 1 follows. Suppose that the claim holds for t, we show that it 
also holds for t + 1 . Note that 

E K,...,n(U,)= E E ^^..^(U,). (5.2) 

yi,--;yt&U2 yi,--;yt-l&U2 Xl,X2eSyj^,.,y^_j^{Ul) 
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It follows from Lemma 13.31 and (15.11) that 



+ o\[- 

By induction hypothesis, 



(^)V2l(^.....,..-.(ao)^A^Q)V2r^j (5.3) 



yi,...,yt-i&U2 ^ ^ 

+^ {{^T \ui\w^'-'\>^' 0' \u2r'^ ■ (5.4) 

Putting (15.21) . (15.31) and (15.41) together, we complete the proof of Lemma ISTTl □ 

6 Complete edge-colored subgraphs 

Suppose that G = (V, E) is an (n, d, A)-colored graph. Let E'^^{G) be the set of r^-colored 
edges of G. Let f/i, U2 be any subsets of \^ = V{G). For any t colors ri, . . . , r^, and for 
any yi,...,yte U2, define 

^ll-yM) = {x G f/i : (x, y,) G E^^iG), l<t<t}, 

^;i;:::;;:(fA) = |5-:::-(^i)l, 

and 



^'i'-'?^*^ \ otherwise. 



When ^lllZllliUi) = 1, we say that the base (?/i, . . . , yk) is extendable to /c-stars of type 
(ri, . . . , r^) with roots in Ui. For any t — 1 colors ri, . . . , r^.i, the following lemma says 
that if Ui, U2 are two large subsets of the vertex set of an {n, d, A)-colored graph, almost 
all t-tuples (2/1, ...,?/) G U2 are extendable to stars of type (ri, . . . , r^) with roots in Ui. 
This lemma is not necessary for the proof of Theorem 12.71 but it could be of independent 
interest. 

Lemma 6.1 For any t > 2 and t colors ri, . . . , rt, let G = {V, E) be an {n, d, X)-colored 
graph, and let Ui,U2 C V . Suppose that 

t+i 



Ui UJ > A 



thcTi 

yi,--;yt&U2 
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Proof By Cauchy-Schwartz inequality, we have 

\yi,...,yt£U2 / yi,...,yt&U2 yi,...,yt£U2 

It follows from Lemma [4.21 that 

E '5;r.;;:(f^i) = (i+«(i))G)Viiit^2r, (e.i) 

yi,-,yt&U2 
and from Lemma [2.31 that 

E is^:::QSu^= E + ©'ViHt^^r. (6.2) 

yi,—,yt&2 yi,---,yt&U2 
Putting (16.11) and (16.21) together, we have 

E > {I - o{i))\u,\K 

yi,--;yt&2 

The upper bound is trivial, and the lemma follows. □ 
6.1 Proof of Theorem [27fl 

We are now ready to give a proof of Theorem I2.7[ We note that with the graph theoretic 
results above, the argument in the proof of [TOl Theorem 2.13] works for any [n,d,X)- 
colored graphs, and we will follow it closely. To make our inductive argument work we 
will need the following definition, which is also taken from jlOj . 

Definition 6.2 Given U CV, let U C = U x . . . x U , t > 2. Define 

Ut-i = {{yi,...,yt-i) : {yu...,yt-i,yt) e W}. 

Moreover, for each {yi, . . . , yt~i) G Wf-i, define 

• • • = {yt ■■ (yi, • • .,yt-i,yt) eU} cU. 

For any two sets Ui C U2, we say that Ui ~ U2 if and only if \Ui\ = (1 — o(l))|[/2|- 
We now can state a slightly stronger version of Lemma 16.11 

Lemma 6.3 For any t > 2 and t — 1 colors Vi, . . . , rt-i, let G = {V, E) he an {n, d, X)- 
colored graph. Suppose that the color set C has cardinality \C\ = (1 — o{l))n/d. For any 
subset U C V of cardinality \U\ ^ \{n/dy^'^ and for any U<zU^ = Ux...xU with 
lA ~ |f/|*, we have 

E E • • -^yt-i)) = (1 - o{i))\u,.,\\cr\ 

(yi,...,j/t_i)eWt_i ri,...,rt_iGC 
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Proof The upper bound is trivial so it suffices to show that 

E E . . .,yt-i)) > (i - o{i)m^,\\cr\ 

{yi,...,yt-i)eUt-i ri,...,rt-ieC 

Note that we have (1 — o{l))n/d colors, so|-E'(G')| = (1 — o(l))n^/2. Hence, 

E E ^;i:.::;r-Uw(2/i.---.^*-i)) 

{yi,...,yt^i)eUt-i ri,...,rt_ieC 

> E E ^^::^iu)-m-i^) 

yi,...,yt-i&U ri,...,rt-ieC 

= (l-o(l))|f/r. (6.3) 
On the other hand, it follows from Lemma 15.11 that 

{yi,...,yt-i)<=Ut--L ri,...,rt_ieC 



< E E (^;i;:.;;r-Uf^))' = (i + omur (^T \c 



(yi,...,yt_i)eC/'-i ri,...,rt_iGC 

= (i+o(i))if/r-vicr\ (6.4) 

since \C\ = (1 — o{l))n/d. The lemma now follows from (16. 3p . (16.41) . and the Cauchy- 
Schwarz inequality. □ 

By the pigeon-hole principle, we have an immediate corollary of Lemma 16.31 

Corollary 6.4 For any t > 2 and t — 1 colors ri, . . . , rt-i, let G = {V, E) be an [n, d, X)- 
colored graph. Suppose that the color set C has cardinality \C\ = (1 — o{l))n/d. For any 
subset U C V of cardinality \U\ ^ \{n/dY^'^ and for any hi C = U x . . . x U with 
hi ~ |[/|*, there exists a subset h(^^~^^ C Ut-i with U^^^^^ ~ h(t-i such that 



E ^l:::2--myi^---^yt-i)) = a-omc\ 



ri,...,rt-ieC 

for every {yi, . . . , yt^i) G W^*"^) . 

This corollary says that for any large set U ~ there exists a large subset W*-*^^-* C 
Ut-i C such that W^*"^) ~ \U\^-\ and any {t - l)-tuple (yi, . . . , ?/t_i) G W^*"^) is 
extendable to at least (1 — o(l))|C|*^"'^ types of (t — l)-stars with roots in h{{yi, . . . ,yt^i). 
The rest of the proof is easy. For any set f/ d V with cardinality \U\ ^ \{n/dy^'^, we 
construct t sets . . . inductively as follows. Let W^*) = = U X . . . X U. Since 
\U\ ^ Xln/dy^"^, from Corollary 16. 4[ we can choose hi^^~^^ C hifli such that any {t — 1)- 
tuple (?/i, . . . , yt-i) in hi^*~^^ is extendable to at least (1 — o(l))|C|*~^ types of (t — l)-stars 
with roots in h(^^\yi, . . . ,yt-i)- Suppose that we have constructed h(^^\ . . . (i > 2) 
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such that U'^^'^ ~ for i < j < t — 1, and any j-tuple . . . , Uj) in U^^^ is extendable 
to at least (1 — o(l))|Cp types of j-stars with roots in U^^'^^\yi, . . . , yj). Since 

\u\ > x{n/dy/^ > X{n/dy/\ 

from Corollary 16.41 again, we can choose W*^*^^^ C l^i^i such that W^*^^-* ~ f/*^^, and any 
(t — l)-tuple {yi, . . . ,yt-i) in U^''~^^ is extendable to at least (1 — o(l))|C|*~"'^ types of 
(i — l)-stars with roots in U^'^\yi, . . . , yi-i). Repeat the process until we have constructed 
U^^^ C u[^^ G U of cardinality ~ \U\. Take any vertex v in W*^^-*, it is clear that 

we can extend from v to at least (1 — o(l))|C|(2) types of edge-colored Kt in U^. This 
completes the proof of Theorem 12.71 



7 Projective norm graphs 

We first recall the construction of the projective norm graphs AfQq,n{X) in [2j. It is possible 
to get a slightly better version of these ([3]), but this makes no essential difference for 
our purpose here. The construction is the following. Let n > 2 be an integer and q be 
an odd prime power. Let be the finite field of q elements, and Fgn be the unique 
extension of degree n of F^. The vertex set of the graph AfQq^n{X) is the set V = F^n. 
Two distinct vertices X and Y G V are adjacent if and only if N{X -\-Y) = X, where the 
norm is defined as in Section [2.21 with an extension A^(0) = 0. For any A G F*, the 
equation N{X) = X has a solution, and if Xq is a given solution, the set of solutions is 
in one-to-one correspondence with solutions of N{X) = 1, which by Hilbert's Theorem 
90 (or by direct proof) is given by X = a{Y)Y~^ = Y'^~^ for some Y e F*„ (see [19] 
for more details). Hence, all projective norm graphs MQq,n{X) (A G F*) are isomorphic. 
It follows immediately from the definition that N'Qq^ni^) is a regular graph of order 
and valency (g" — l)/(g — 1). The eigenvalues of this graph is not hard to compute. We 
present here only a sketch of the proof, which follows the presentation of [2]. Let A be 
the adjacency matrix of MQq^niX). The rows and columns of this matrix are indexed by 
the ordered pairs of the set F^n. Let x be a character of the additive group of F^n. One 
can check (see p]) that x is an eigenvector of with eigenvalue | ^7v(c)=i ^^"^ 
all eigenvalues of A^ are of this form. The trivial character is corespondent to the large 
eigenvalue (g* — l)/(g — 1) of A. The others can be estimated using Weil's bound on the 
character sum (see |25i Theorem 2E(i)]), and the fact that all solutions of N{X) = 1 are 
all given by X = a{Y)Y-^ = F^^^ for some F G F* , 



JV(c)=l 



deF* 



< 



(g - 2)g"/2 

g-1 



< q 



n/2 



Therefore, we have the following result. 

Lemma 7.1 For any n > 2 and A G F*, the projective norm graph MQq^niX) is a 

iq'',^,q''^'^) -graph. 
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7.1 Proofs of Theorems 1230] and [2JJ] 



We are now ready to prove results on norm equations in Section I2.2[ For any two set 
A,13C Fgu and A G F^, let exiA, B) = if{{X,Y)eAxB: N{X + Y) = A}. It follows 
from Corollary 13.21 and Lemma [7. II that 

<q-/'^/\A\\B\- 

Hence, e\{A, > if > g""^^. This completes the proof of Theorem 12 .81 

Next, we consider the graph G on the vertex set Fgn. Two distinct vertices X,Y 
are connected by an A-colored edge if and only if N{X + Y) = X. Note that we only 
use (g — 1) colors A G F*. From Lemma \7.1\ the graph G is a (g", g"/^)-colored 
graph with {q — 1) colors. Theorem 12.101 and Theorem 12.111 now follow immediately from 
Theorem 12.41 and Theorem 12.71 Finally, it follows from Lemma 16.11 that 

J2 E ^^(^) = E E ^^(^) = (1 - omA\q, 

which implies that there exits A! C A, A' ^ A such that 

E 2:^(^3) = (i-o(i))g, 

for any X G .A'. This completes the proof of Theorem 12.91 



ex{A,B)- 



iq--l)\A\\B\ 



{q - l)g" 



8 Product graphs - Proofs of Theorems 12.121 I2.14L 



and 2.16 



For any non-degenerate bilinear from B{-,-) on F^, and for any A G F, the product 
graph Bq di.^) is defined as follows. The vertex set of the product graph Bg d{X) is the set 
V{Bg^d{^)) = F'^\(0, . . . , 0). Two vertices a and b G V{Bq^d{X)) are connected by an edge, 
(a, b) G E{Bg^dW), if and only if B{a, b) = A. When A = 0, the graph is just a blow-up 
of a variant of Erdos-Renyi graph. The eigenvalues of this graph are easy to compute (for 
example, see [I]). We will now study the product graph when A G F*. 

Lemma 8.1 For any d > 2 and X G F*, the product graph, Bg^d{X), is a {q'^—l,q'^~^, ^/2q^) 
graph. 

Proof It is easy to see that Bg d{X) is a regular graph of order g'^ — 1 and valency q'^~^. 
We now compute the eigenvalues of this multigraph (i.e. graph with loops). For any 
a^be F'^\(0, . . . , 0), the system 

5(a, x) = A, B{b, y) = X,xe F^(0, . . . , 0), 
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has g*^"^ solutions when a ^ ah for all a G Fg, and no solution otherwise. Hence, for any 
two vertices a ^ b, a and b have q'^~^ common neighbors if a and b are linear independent, 
and no common neighbor otherwise. Let A be the adjacency matrix of 'Pg,d(A). It follows 
that 

A'' = q''-^J+{q''-^-q''-^)J-E, (8.1) 

where J is the all-one matrix, / is the identity matrix, and E is the adjacency matrix of 
the graph Be, where for any two vertices a and b G V{Bg^dW), b) is an edge of Be 
if and only if a and b are linearly dependent. Therefore, Be is a (g — l)-regular graph, 
and all eigenvalues of E are at most q — I. Since Bq^dW is a {q'^ — l)-regular graph, q'^~^ 
is an eigenvalue of A with the all-one eigenvalue 1. The graph Bq^d{^) is connected so 
the eigenvalue q'^~^ has multiplicity one. For any a and b with B{a,b) = X, a and b 
are linearly independent and a and b have q'^~'^ common neighbors). Hence, the graph 
is not bipartite. Therefore, for any other eigenvalue 9, \9\ < q'^~^. Let vq denote the 
corresponding eigenvector of 6. Note that vq G l"*", so Jvq = 0. It follows from (18. ip that 

{6^ - q"-^ + q''-^)ve = Evg. 

Hence, vg is also an eigenvector of E. Since all eigenvalues of E is bounded by g — 1, we 
have 

^2 < qd-i _ ^q_i^qd^^_2< 2q'^-\ 
(Note that, one can get 6"^ < q'^~^ when d > 2.) The lemma follows. □ 

Similarly as in the previous section. Theorems 12. 12[ [2. 14[ and 12. 16] follow immediately 
from Corollary 13.21 Lemma [6.11 Theorem 12.71 and Lemma [8. II 

9 Sum-product graphs 

For any non-degenerate bilinear form B{-,-) on and for any A G F^, the sum-product 
graph SBq^d{X) is defined as follows. The vertex set of the sum-product graph SBq^dW 
is the set 'v{SBq^d) = F x F'^. Two vertices U = (a, b) and V = (c, d) G ViSBq^J) 
are connected by an edge, {U, V) G E{SBq^d), if and only if a + c + A = B{b, d). Our 
construction is similar to that of Solymosi in ^28j . 

Lemma 9.1 For any d>l and A G F, the sum-product graph, SBq^dW, is a {q'^~^^, g'^, \f2(f\ 
graph. 

Proof It is easy to see that SBq^dW is a regular graph of order g*^"*"^ and valency g*^. We 
now compute the eigenvalues of this multigraph. For any a, c G F and 6 ^ d G F'^, the 
system 

a + M + A = B{b, v),c + u + X = B{d, v), ueF,v eF'^ 

has g"'"^ solutions. (We can argue as follows. There are g"*"^ possibilities of v such 
that B{b — d,v) = a — c. For each choice of v, there exists a unique u satisfying the 
system.) U b = d and a ^ c then the system has no solution. Hence, for any two vertices 
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U = {a,b) and V = {c,d) e ViSBg^dW), ii b ^ d then U and V have exactly q'^~^ 
common neighbors, and if 6 = d and a ^ c then U and V have no common neighbor. Let 
A be the adjacency matrix of SBq ct^X). It follows that 

= AA^ = q'^-^J +{q'^ -q"^-^)! (9.1) 

where J is the all-one matrix, / is the identity matrix, and E is the adjacency matrix of 
the graph Be, where for any two vertices U = (a, b) and V = (c, d) G ^^(^^^^^(A)), (f/, V") 
is an edge in Be if and only if a 7^ c and b = d. Since SBg^^W is a g'^-regular graph, q'^ is 
an eigenvalue of A with the all-one eigenvalue 1. The graph SBg^^W is connected so the 
eigenvalue q'^ has multiplicity one. Besides, choose 6, d e such that B{b, d) = 2a ^ 0, 
then SBg d{X) contains the triangle with three vertices (— a,0), (a, 6), and (a, d). So the 
graph is not bipartite. Hence, for any other eigenvalue 9, \9\ < q'^. Let Vq denote the 
corresponding eigenvector of 9. Note that Vq G l"*", so Jvq = 0. It follows from (19. ip that 

(9^ - q'i + q'^-^)ve = Eve. 

Hence, Vg is also an eigenvector of E. Since Be is a regular graph of order q — 1, the 
absolute value of any eigenvalue of E is at most q — 1- This implies that 

9^ <q'^~ q'^-' + (g - 1) < 2q'^. 

(Note that, one can get 9"^ < q'^ when d > 2.) The lemma follows. □ 



9.1 Proofs of Theorems [2391 [27201 and [2722] 

Similarly, Theorem 12. 191 follows from Lemma [971] and Corollary 13. 2t Theorem 12.221 follows 
from Theorem 12. 4[ Theorem 12.71 and Lemma 19. 1[ The proof of Theorem 12.201 remains. 
Without loss of generality, we can suppose that ^ .4. For any A C F*, let A^^ = {1/a : 
aeA}c Fg, £a = kAx{A-AY^^ C FgXF^-^ and J"^ = {-A)x{l/AY~^ C F^xF;^"!. 
Let e(£^_4, be the number of edges of Qg^d between £^_4 and JF4. It follows from Theorem 
[2:20] and Lemma [O that 

e{S^, Tj,) < + ^JWWWA- (9.2) 

There is an edge between any two vertices (oi + . . . -|- a^, ai^i, . . . , ad-\hd-\) G Ejs, and 
{-ad, b^\..., &d_^i) e Ta. Hence, 

e{EA.TA)>\A\^''-\ (9.3) 
Putting (19.21) and (19.31) together, we have 
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Let x = \A- ^|(<^-i)/2|(;^|i/2^ then 



Solving this inequahty gives us the desired bound for x, concluding the proof of Theo- 
rem [220l 



10 Finite Euclidean graphs - Proofs of Theorems [2^24 
and n:7IE 



Let Q be a non-degenerate quadratic form on F^. For any A G F^, the finite Euclidean 
graph Eq{d, Q, A) is defined as the graph with vertex set F^ and the edge set 

E = {{x, ?/) G Fj X Fj I a; ^ Q{x - y) = A}. (10.1) 

Recall that an (n, c?, A)-graph is called a Ramanujan graph if A < 2\/d — 1. We also call 
an (n, d, A)-graph asymptotic Ramanujan graph if A < (2 -|- o{l))\fd when n,d, X — > oo. 
The spectrum of the finite Euclidean graphs Eg{d, Q, A) when Q{x) = xf + . . . + x"^ was 
first investigated by Medrano et al. ^24j, who proved that Eg{d, Q, A) are asymptotically 
Ramanujan for any A 7^ 0. Bannai, Shimabukuro and Tanaka [B] extended this result 
to arbitrary non-degenerate quadratic form Q using the character tables of association 
schemes of affine type ([21]). The following theorem summaries the results from [6l Sec- 
tions 2-6] and [21, Section 3]. 

Theorem 10.1 (JE^ l21^ ) Let Q be a non-degenerate quadratic form on F^. For any 
A G F*, the graph Eg{d, Q, A) is a (g^ (1 + o{l))q'^-^, 2q^'^-^'^/^)- graph. 

We are now ready to prove Theorems 12.241 and 12.251 We consider the graph G on the 
vertex set F^. Two distinct vertices x, y are connected by an A-colored edge if and only 
if Q{x — y) = X (note that we only use (g — 1) colors A G F*). From Theorem IIU.I^ the 
graph G is a {q^, (1 + 0(1))^^^"^, 2g^'^~^'*/^)-colored graph with (g — 1) colors. Theorems 
12.241 and 12.251 follow immediately from Lemma 16.11 and Theorem 12.71 



11 Finite non-Euchdean graphs - Proof of Theorem 
[27261 

Let Q be a non-degenerate quadratic form on F^. For each element x G S'^{Q), we denote 
the pair of antipodes on S'^{Q) containing x by [x]. Let Q be the set of pairs of antipodes 
on the unit Q-sphere (or equivalently, the lines through them). For a fixed 7 G Fq, the 
finite non- Euclidean graph Vq^dil) has the vertex set Q and the edge set 

{{[x], [y]) enxn\x^y,Q{x-y) = 2±^}. 
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We will see that our graphs are the same as ones of Bannai, Hao, and Song in [5] , and of 
Bannai, Shimabukuro, and Tanaka in [6j. 

Note that Q can also be viewed as the set of all square-type non-isotropic one- 
dimensional subspaces of with respect to the quadratic form Q. The simple orthog- 
onal group Od(Fq) acts transitively on Q and yields a symmetric association scheme 
"^{OdiFg), Q) of class {q + l)/2. We have two cases. 

Case I. Suppose that d = 2m + 1. The relations of \Ef(02m+i(lFg), ^) are given by 

i?i = {{\xUy])enxn\Q{x + y)=Q}, 

Ri = {{[x],[y]) enxn\Q{x + y) =2 + 2iy-^'-^^}{2<i<iq-l)/2) 
R{q+i)/2 = {{[x],[y]) enxn\Q{x + y) =2}, 

where z/ is a generator of the field Fg (see [5l Section 4]). 

Case II. Suppose that d = 2m. The relations of '^{02m{Fq), VL) are given by 

Ri = {{[x],[y])eQxQ\Q{x + y) = 2 + 2-'u'}{l<i<{q-l)/2) 
R(g+i)/2 = {{[x],[y]) eQxQ\Q{x + y) = 2}, 

where z/ is a generator of the field (see Section 6] and ^ Section 2]). 

The graphs {fl, Ri) are not Ramanujan in general. They, however, are asymptotic 
Ramanujan for large q. The following theorem can be derived easily as in the proofs 
of [6l Theorem 2.2] and [6l Theorem 5.1] from the character tables of the association 
scheme ^(Od(Fg), ([3 Tables VI, VII] and [3 Theorem 6.3]). Note that P Theorem 
2.2] requires an additional restriction that q = p'^, where the exponent r is odd. This 
restriction assures that the graphs {Q,Ri) {2 < i < {q + l)/2) are Ramanujan if q is 
sufficiently large. Since we only need our graphs to be asymptotic Ramanujan, we can 
apply [HI Eq. (3)] instead of [6l Lemma 2.1] in the proof of [6l Theorem 2.2] to remove 
this restriction. 

Theorem 11.1 (f^ [S^) The graphs {Q,Ri) {2 < i < {q — l)/2) are regular of order 
qd-i^l + o(l))/2 and valency g°'~^(l + o(l)). Let A be any eigenvalue of the graph {Q,Ri) 
with A 7^ valency of the graph, then 

|A| < (2 + o(l))g(^-2)/2. 

Let G be a graph with the vertex set Q, and the edge set is colored by {-Rj}2<j<((j-i)/2- 
Theorem [10 implies that G is a (g'^-^(l+o(l))/2, g'^-2(l+o(l)), (2+o(l))g('^-2)/2)-colored 
graph with (g — 3)/2 colors. Theorem 12.261 now follows immediately from Theorem 12. 7[ 
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